THE POSITIVE PART OF THE QUANTIZED UNIVERSAL 
ENVELOPING ALGEBRA OF TYPE A„AS A BRAIDED 
QUANTUM GROUP 



CESAR BAUTISTA 

Abstract. A generalized Hopf algebra structure for the positive (negative) 
part of the Drinfeld-Jimbo quantum group of type A n is established without 
make any use of the usual deformation of the abelian part of s/ n +i. 



1. Introduction 

The aim of this paper is to explain the bialgebra structure of the positive part 
of the quantized universal enveloping algebra (Drinfeld-Jimbo quantum group) of 
type A„using the Lie algebra theory concepts. 

Recently has been introduced a generalization of Lie algebras, the basic T-Lie 
algebras |Q . Using the T-Lie algebra concept some new (we think) quantum groups 
of type A„can be constructed. Such quantum groups arise as universal enveloping 
algebras of certain deformations as generalized Lie algebras of the Lie algebras form 
by upper triangular matrices sl^ +1 . 

Let us explain, embedded in the positive (negative) parts U q (sl n +i) of the 
Drinfeld-Jimbo quantum groups of type A„ there are some generalized Lie algebras 
( s C+i)<3 called T-Lie algebras, Such T-Lie algebras satisfy not only a general- 
ized antisymmetry and a generalized Jacobi identity, but an additional condition 
called multiplicativity. Through these T-Lie algebras the Poincare-Birkhoff-Witt 
theorem for Uq(sl n +i) can be explained. 

The Poincare-Birkhoff-Witt theorem is a general property for the universal en- 
veloping algebras of adequate T-Lie algebras. In order to keep the proof of such 
theorem closest to the classical one a Gurevich's condition of multiplicativity is 
needed, 0, §. 

On the other hand, the next natural step in the study of {sl^+ijq as a T-Lie 
algebra is to give to its universal enveloping algebra a structure of Hopf algebra. 

Now a structure as a generalized Hopf algebra (braided quantum group) of the 
universal enveloping algebra U£(sl n +i) of {sl^ +1 ) q is presented. As a matter of fact, 
Ug(sl n +i) has the usual algebra structure: generators X\, . . . ,x n and relations 

XiXj — XjXi = 0, if \i — j\ > 1 (1-1) 

x l x 2 j - (q+ q~ l )xiXjXi + x^x t = 0, if \i — j\ = 1 (1.2) 

but now the tensorial product U^~(sl n +i) (8> Uq(sl n +\) has a non-standard algebra 
structure: the multiplication is given by 

(a (£> b)(c £g> d) = aa(b <g> c)d 
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where a : U+{sl n+ i) ® U+(sl n+1 ) — > Z7+(sZ n+ i) <g) Z7+(sZ„ + i) is not the usual 
switch. This is so, because U+(sl n +i) has a coproduct given by 

4>(xi) = Xi ® 1 + 1 ® Xi, i = 1, . . . ,ti. 

We obtain a non-trivial deformation of the classical universal enveloping algebra 
U{sln+i) without make any use of the usuals K^ 1 , . . . (which they form a de- 
formation of the abelian part of sl n +i)- Such developments leads to the following 
question: are there any non-trivial deformation of £/ (sZ ra+ i) constructed without 
the usuals K ^, . . . ? We do not have an answer yet. 



2. Braids and Coproduct 

Let k be a unitary commutative ring and q £ k*. Denote with ey, 1 < i,j < n 
canonical basis of gl n the matrices n x n, with B the canonical basis of sZ+, and 
with [, ] the usual bracket in gl n . Define m = n(n + l)/2 and Cjj, ao £ Z, 1 < j < 
j < m, 1 < a < b < m such that [[eij, &,»], e a b] = Ci . a be a b- Put 

Sij < & a b if i + j ' < o, + b or (i + j = a + b and j < b) . 

Let {sln+i)q be sZ+ with structure of T-Lie algebra. This means: (sl^ +1 ) q is sZ+ in 
its structure of Zc-module, besides a bracket [, ] q such that 

[Gy,Gao]g — , Gqo] , if C'ij c a0 , 

a fe-linear morphism S : (sZ+ +1 ) g <E>k (sC+i)<? ( s C+i)<7 ®* ( s C+i)<7 called 
presymmetry such that 

[,]«5=-[,] 9 

defined by 

S(e# ® e Qb ) = q Ci3 - ab e a b ® ey , if e y - < e ab 

and a fc-linear morphism (, } : (sZ+ +1 ) g ®fe (sZ+ +1 ) 9 -> (sZ+ +1 ) g ® fc (sZ+ +1 ), called 
pseudobracket such that 

[,],<,) =0, (,)£ = -<,). 
in the case < e a {, defined by 



\6y , Cab) 



{l — 1 1 ) e aj <S> e^, if a < j < 6 and i < a < j, 



0, otherwise 



The algebra (sZ^ +1 ) g satisfies generalized Lie algebra axioms, see Q. 

On the other hand, since [ey,e ao ] = <5jfce.;/ — Suekj where S is the Kronecker 
delta, we get 

Cij,ab = Sb,i + h,j + Si.a - Sj, a , Vey, e a b £ B (2.1) 

We shall define a new symmetry a. Let <r : (s/^ +1 ) <g>k (sl^ +1 ) q — ► (sZ^ +1 ) ® fe 
(sZ^ +1 ) such that 

cr(ey (g) e Qf) ) = q Ci3 - ab e ab <8 ey, Vey, e afc £ S . 
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Proposition 2.1. Let [,] q be the bracket of (sl^ +1 ) q . The linear morphism a 
satisfies the multiplicativity conditions: 

<K1® [,]«) = ([,]««> 1)^230-12, (2.2) 
<7([,],«>l) = (l®[,] g )<7l2CT23 (2-3) 

Proof. The Jacobi identity in sZ+ ensures that 

[[c^j, Gj'i], [Cab; t-un]] — {Cij.ab Cij,uv*)[&abi &uv] 

this implies 

= ([,], <g> l)<7230'i2(ey <8> e a& <g e ut) ). (2.4) 

In a similar way we obtain 

cr([ey,e ab ]g <g> e„„) = (1 ® [,] g )<7230'i2(eij <8> e ab ® e u „) 

□ 

Now we may extend <r to C7+(sZ n _|_i) . To do so, let us consider T as the 
fc-tensorial algebra of (sl^ +i ) q . Define a : T ®T T ®kT by 

a(zi ...z n (g>yi.. .y m ) = _Qp Zi)W yi • • • y m ® Z\ . . . z m , Vzi,yj G B , 

where a{zi <8 jy) = p z .,, //, <8> z i; p ZiiVj g k. 

In particular, the objects made by finite tensor products of one dimensional 
spaces (x), x G B form a braided tensor category with braiding er, Chapter 11] 
and the proposition 2.1 says that the bracket [,] q is compatible with the braiding 
a. 

Lemma 2.2. Let (,) be the pseudobracket of (sZ^ +1 ) 9 and m the product of the 
tensor algebra T. The linear morphism a satisfies the multiplicativity conditions 

CT(l®m(,)) = (m(,)®l)CT 2 3cri2, (2.5) 
?(m(,)®l) = (l<am(,»?i a 5a3- (2-6) 
Proof. Let e a fc, e ut! , e Q( 3 be elements of B . We have to prove 

a(e ab ® m{e uv , e a p)) = (m(, ) <g> I)a235i2, (2.7) 
a-(m(e ra8eci)3 <g e afc ) = (1 <g) m(, ))cri 2 cr 2 3(e„« ® e a/3 <8> e afc ). (2.8) 

The left side of ([E?]) is 

q Cai,av+Cai,uf>( q _ g- 1 )^ <g) e utI ® e ab 

while the right side is 



Since ( |2 . l|) we obtain c a & )at , + c a b , U — c a b,uv + c a b,a/3- We conclude that fl2.7j ) holds. 
And by similar calculations ( |2.8| ) holds too. □ 
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Proposition 2.3. The linear morphism a can be extended to a linear morphism 

a : U+(sl n+1 ) ® k U+(sl n+1 ) ^U+(sl n+1 ) <g> fe U+(sl n+1 ) 

where U+(sl n +i) is the universal enveloping algebra of {sl^ +1 ) q , such that the 
following diagram commutes, 



U+(sl n+1 ) ®kU+(sl n+ i) 



( sl n+l)q ®fc (sC+l)? 



U+(sl n +i) ®k U+{sl n+1 ) 



► ( sl n+l)q ®fc ( sl n+l)q 

besides the multiplicativity conditions 

fi(l <g> m) = (m ® 1)(1 <S> a) (a <8> 1) 
cr(m (8) 1) = (1 ® m)((T ® 1)(1 <g> a) 



(2.9) 
(2.10) 



holds, where m denotes the multiplication on C/+(sZ„ + i) 

Now we may apply some remarks from Durdevic || . Suppose that we are in the 



conditions of the proposition 2.3. The tcnsorial product U{L) ® U(L) is a natural 
Z7(L)-bimodule and we can define a multiplication over U(L) ® U(L) by 



(a <S>b)(c<S>d) = aa{b <g> c)d 



(2.11) 



Corollary 2.4. U^(sl n +i) ®fe U+(sl n +i) is an associative algebra with multipli- 
cation defined by equation J2.ll ). 



Proof. The multiplicativity conditions (2.9), (2.10) imply the associativity of (2.11), 
| □ 

In a similar way to the classical case define <fi : (si„ +1 ) g — ■> {7+(sZ„_|_i) 
U+(sl n+1 ) by 

^(ei( l+ i)) = e i(l+1) (g) 1 + 1 (g) e l(i+1) , 1 < i < n. (2.12) 



Theorem 2.5. 77ie morphism defined by ( 2.12| ) can 6e extended to a morphism of 
k- 



<t>:U+{sl n+l ) -^U+(sl n+1 ) <Z> k U+(sl n+1 ) 



Proof. The fc-algebra U+(sl n+ i) is generated by 
the relations 



2!,%' — (g + g )xiXjXi + o^aij =0 if |« — j| = 1, 
XiXj — XjXi = 0, if \i — j\ > 1. 



module 

(2.13) 
(2.14) 



We have to prove that <f> preserves these relations. Let us put a{xi®Xj) = q Cii Xj®Xi, 
1 < < n. 

4>(xi) 2 (t>(xj) = 

xfxj (g> 1 + X} ® Xj + q Cij XiXj (8 Xi + Xi £g> XiXj + q 2+Cij XiXj ® ar, + g 2 :^ ® rEjOJj 

+ g 2Cl3 ij- ® a; 2 + 1 ® x 2 ^- 
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while 



(j>(Xj)(j)(Xi) 2 = 

Xjxf <gi 1 + XjXi ® Xi + q 2 xjXi ® Xi + Xj ®x 2 + q 2cjt x 2 <g> Xj + q 2+C]i Xi ® XjX. 



+ q Cj 'Xi & XjXi + I ® XjX 2 



and 

(j>(Xi)(j>(Xj)4>{Xi) = 

X^X j Xi CB) 1 -|- XiXj C*) H - ^ * J ® "I - ^ XjXi 

+ q Ct3+2 x j x l <E>Xi + q Cij Xj <g> a;, 2 

+ q Cij+2 Xi <g> a^j + 1 <g> XjZjZj (2.15) 

It follows 

<j>{xi) 2 <j>{xj) + <j>(xj)(j>(xi) 2 = 

q~ X {q + q^ 1 ){x 2 <8> Xj) + (q^ 1 + q)x t <g) XiXj + (q + q~ 1 )x j ® x 2 
+ (g + q'^XiXjXi <8>l + l®(q + q~ 1 )x i XjX i 

= (q + q- 1 )<P(x i )<t>{x j )<f>(x i ) (2.16) 

□ 

We shall define the counit. This can be done following the classical case. 

The commutative ring A; is a basic T-Lie algebra in the obvious way and the zero 
morphism : (sl^ +1 ) q — > k is a morphism e = U(0) : U+(sl n+1 ) — > U(k) ~ fc of 
fc-algebras. 

Definition 2.6. 

x i = e i(i+l) ! * = 1, ■ ■ ■ , Tl- 

Proposition 2.7. Let C = {xi, . . . ,x n }. Then 

^(x h ) ... (j)(x im ) = x im . . . x im <S> 1 + ^ u i ® = 1 ® x h ■ ■ ■ x i m + X] ai ® bl 

i i 
where each Uj, Vj, a;, bi is a non-empty product of basic elements in C. It follows 

(1 ® e)(f>(x ll ) . . . <t>{x lm ) =x ix ... x lm = (e ® 1)0(0^) . . . 4>{ x i m )- 

Since C is a generator set of U+(sl n+ \) we get that e is the counit for <f>. 

3. Antipode 
Let L be (s?+ +1 ) g as a T-Lie algebra. 

Definition 3.1. 

1. The opposite T-Lie algebra L° p is defined as 

[,r = [,],s, ^ = s, (,r =a- i (,) 

2. Let m be the product of t/(L). The oppostive algebra U(L) op is defined as 
U(L) itself in its k- module structure and product given by 

m op = ma. 
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Proposition 3.2. Let L be (sl^ +1 ) q . 

1. The fc-algebra U(L) op is associative and L op is a basic T-Lie algebra. 

2. The map i] : L — > L. x >— > — x is a T-Lie algebra morphism. 

3. There exist an isomorphism 

U{L op ) ~ C/(L) op 

of fc-algebras. 



Proposition 3.3. There exist a morphism 

^ : U(L) -> U(L) op 
of A;-algebras such that T](x) = —x, Vx £ L. 

2 1 

Now. let us consider the quantum plane A q defined by the ring 

Af = k{x,y/(yx - gay) 

where k(x,y) means an associative algebra freely generated by x,y. 
For positive integers i < n, we define the numbers 

m 
i 

by the equation in A^' = k{x,y/(yx — qxy), 



i— n \ / ( 



x m ~ l y l 



Lemma 3.4. 



E(j (-i)V (i - x) =o 

i=0 ^ ' 9 2 



i=0 

Proof. If r7i = 1 the equation ( |3 . 1| ) holds. Now, suppose ([O]). Then, 

e( n (-i)v (i - x) = 

C-^^ + fmti) (-i) m+1 e (m+1)r 

i=l \ / q 2 \ ' q 2 



777+1 




and because 



777 + 1 \ / 777 \ j /mi „ , _ . _ 



(see J|, p. 74]) then (L2) is equal to 

1 +E u - 1) (-^v^ + E (?) c-dv"-" + (-i) n+1 9 (n+1)r 



i + E P (-i) J+1 « (i+1)i +E( ) (-i)Y (i+1 > + V ( 



J=0 





THE POSITIVE PART QUEA OF TYPE A„ AS A BRAIDED QUANTUM GROUP 



7 



Lemma 3.5. If i : U(L) op — > U(L) is the natural /c-module morphism then 
1. 

2. 



=o x 7 9 



3. 



4. For ,7 = 1,... , n, 

T 7 ( a ;5) = (-l)V (i - 1) (^) < - 

5. Denote with m the product of f/+(sZ n +i) . Then 

m(l ® 7?)<A(a;} 1 1 . . . x)? ) = 0, 1 < ji , . . . , j u < n. 

if ni, . . . ,n u are all positive integers. 

Proof. By straightforward computations. By example, if c = J2 a <b c jaj b ia(n ja -i b ) 
then 

m(l ?7)<K4i ■ • - = m ( 1 ^)^( x ii) ni • • ■ <t>( x iu) nu = 

iff?!) -M ^r 11 -)^- 4 -®^}--^) 



»i,...»„=o x * lx 9" 



ni,... 



»i,...» u =0 x 1 7 9^ 



n V* 1 / n 2 \ lu J a 2 

»i,...»„_i=0 v ' 9 v 7 9 

E("" (-i) i "^ (i "- 1) ^^5:: 1 J--- t '?(4) = ( 3 - 3 ) 



□ 



Proposition 3.6. Let t : U(L) op — > ?/(£) the natural fc-morphism. Then, the 
fc-module morphism 

k = if] : U(L) -» £/(L) 
is the antipode for the coproduct 0. 

Proof. □ 
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4. The additional condition of the braided quantum group definition 
Lemma 4.1. If 

(cr g 1)(1 (gcr) (0(g) 1) = (1 (g 0)cr; (4.1) 

(1 (g) a) (a ®1) (l® 0) = (0(g) l)o-. (4.2) 

then 

(cr g> 1 2 )(1 g> <g 1)((T- 1 (g 1)(1 g> (j>) = (l 2 (g cr)(l (g (g 1)(1 (g cr _1 )(0 (g 1) (4.3) 
Proof. 

(cr (g 1 2 )(1 (g (g l)(cr _1 (g 1)(1 (g 0) = ( (cr (g 1)(1 (g 0) (g 1 )(cr _1 (g 1)(1 <g 0) 

= ( (1 <g cr- 1 )^ <g l)cr(g 1 )(cr- 1 (g 1)(1 (g 0) 
= (1 (gff- 1 g l)(0(g0), 

on the other hand, 

(l 2 (gcr)(l (g 0(g 1)(1 (g cr _1 )(0(g 1) = (1 <g (1 (g cr)(0(g 1) )(1 (g cr~ 1 )(0«) 1) 

= ( 1 (g (cr^ 1 g 1)(1 g 0)CT )(1 <g <7 -1 )(<£ g> 1) 
= (1 (gcr -1 g l)(0(g0). 

We conclude that (fO|) holds. □ 



Proposition 4.2. The following equations holds, 

(a g) 1)(1 (g cr)(0 <g 1) = (l®0)cr (4.4) 

(1 (g cr) (a (gl)(l(g <?!>) = (0(gl) CT. (4.5) 

Proof. Suppose that Xj.^ , . . . , 3^ and Xk 1 , • ■ ■ , £fc„ are elements of {x\, ... , £„}. 
Put xj = x n 3 l . . . x% , % = x™ 1 . . . x™" . Then 



ii=0,...i„=0 x / T x 7 9 



™1 ...\ nu \ g E.<»«= J . j6 i.(n Ji -i*) 



■ ■ • ® 4i ■ ■ • ® < ■ ■ ■ x Z v ( 4 - 6 ) 

it follows, 



(l®a){4>®l)(xj®x K ) = W) 



71, 



<l- 



and 

(cr (g 1)(1 g cr)(0 g l)(xj (g Xif) 



»i=0,...i„=0 



^ (^j ...| ntl j qT, a <b C jaj b i a{ n J b - i b) q T 1 a,b( C jak b iam b +C :jakb (n a -i a )m b ) 



^ • ■ ■ x kJ ® ■ ■ ■ ® ^1 • ■ ■ V 

: 9 E..» C >.* t «»^^ . . . X™; <g> 0(a;»i ) . . . 0( x j : ) 

= (1 <g 4>)a{xj ® acjf) 



By similar calculations (4.5) hold too. □ 
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Suppose that A, B are fc-algebras (non-associative, perhaps), and (3 : A ®k B — > 
B ®k A a, fc-morphism. Moreover, denote with A ®p B to A ®k B in its fc-module 
structure and product given by 

(a ® b)(c <g> d) = a(3{b ® c)d 

Theorem 4.3. The algebra {sl n+ i) is a braided quantum group with 

1. coproduct: 

<p : U+(sl n+1 ) -> C/+(s/„ +1 ) ^ C/+(s/„ +1 ) 

induced by 4>{xi) = Xi ® 1 + 1 ® sc,-, i = 1, . . . , n; 

2. counit: 

e : U+(sl n+1 ) -» fc 

induced by e(x) — 0, g (si„ + i) Q ; 

3. antipode: 

rj : J7+(s/ n+ i) U+{sl n+ i) 



induced by n(x) — —x, Vx S (s^ +1 ) 5 
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